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OVERCOMPLETE BASES



Pointer states

● Pointer states are a fundamental concept in 
decoherence and quantum-classical transition 
● Hilbert space is a big place, and most states don’t have a 

classical interpretation 
● Pointer states are the quantum states that are the “most 

classical” 
● Type of states we expect to find “out there in the real world”



Pointer states (pure decoherence)

● Pointer states have undisputed definition in case of 
pure decoherence with respect to an orthogonal basis: 

● Decoherence factors:
 

 

 

 

Conditional unitary  
on environment

Conditional states  
of environment



Pure decoherence, partial versus full
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Pointer states

● Less clear how (or even whether) they should be 
defined when evolution doesn’t take this form 
● Predictability sieve 

● Minimizes entropy production 
● Hilbert-Schmidt “velocity” 

● Minimizes distance of evolving state from closest pure state 
● Others… 

● There are important cases where the intuitive pointer 
states form an overcomplete basis 
● Primary example: the coherent states



Pointer states
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#1: Koopman-von Neumann mechanics
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#1: Koopman-von Neumann mechanics
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#1: Koopman-von Neumann mechanics

● Speculation: A more complete formulation of the 
quantum-classical limit might be possible by showing 
that quantum mechanics appropriately approaches a 
superselected sector of KvN classical mechanics  
● Twist: Rather than taking operational interpretation, take 

Everettian interpretation 
● Use modern tools of decoherence theory to show that local KvN 

states that are approached are automatically mixed, with no 
phase-information between different phase-space points 

● To do this, we need to understand the pointer states 
of quantum systems in phase space well 
● Usually these are wavepackets, and they are overcomplete



#2: Test-mass SQL

● Suppose we want to measure a weak force acting on a test 
mass  

● Well known that there is a limit to sensitivity if we are 
restricted to phase-space localized initial states and 
position-like measurements 

● Also well-known that it can be avoided with non-classical 
states and measurements, i.e. coherent superpositions of 
wavepacket pointer states
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#2: Decoherent test-mass SQL

● There is a highly 
analogous (and non-
unitary) version of this 
limit for detecting the 
Brownian motion caused 
by random collisions with 
very light particles 
● (my baby) 

● I want to understand how 
this arises more generally

● My story: 
● Decoherence restricts the 

feasible initial states of the 
experiment to pointer states 

● Likewise, when environment 
acts as intermediary, 
observers can only learn 
about the pointer states 

● For the test-mass SQL, the 
pointer states are 
wavepackets 
● Overcomplete!

 



Review: quantum channels (CP maps)

● General CP map: 

● Defined for all sets of Kraus operators that preserve 
the trace: 

● Kraus operators uniquely determine CP map up to 
unitary equivalence:

 

 

 

Kraus operators



Pure decoherence = Dephasing channel

● The CP maps induced by pure decoherence are called 
a dephasing channels 

● Most CP maps are not dephasing 
● Form a proper subset 

● Dephasing is always defined with respect to a certain 
basis 
● This basis is unique except for degenerate cases (i.e. 

decoherence-free subspaces) 
● Several equivalent definitions…



Equivalent conditions for dephasing channel

● Fixes the preferred basis: 

● No transitions in preferred 
basis are induced: 

● Kraus operators diagonal in 
the preferred basis:

● Unitary dilation is 
expressible as conditional 
unitary on environment 

● Is a Hadamard channel 
from preferred basis to 
itself:

 

 

 

 

 

Hadamard/Schur product  
(basis dependent)

Matrix of decoherence  
factors



Overcomplete bases
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Overcomplete bases

● Full decoherence can be thought of as a repeated ideal 
measurement 
● We will consider decoherence-free subspaces to be partial 

decoherence (a partial measurement), but still with respect to a 
complete basis 

● A full measurement in an overcomplete basis is 
naturally represented by a unit-rank POVM 
● In terms of extracted information, all POVMs with higher rank 

elements can be obtained from a unit-rank POVM by throwing 
away information 

● This sets our allowed class of measurements, but 
what about the preparation following measurement?



Frames

●  

 

“Parseval” just refers to overall normalization



Frames
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Full decoherence and overcomplete pointer states

● So we require our overcomplete set of pointer states 
to be  
● a unit-rank POVM or, equivalently, 
● a Parseval tight frame 

● Our tentative definition of full, pure decoherence with 
respect to an overcomplete set of pointer states is a 
CP map of the form 

● This will only be particularly interesting if we can  
● generalize this to partial decoherence and 
● connect this to known examples of overcomplete pointer states

 

Not today…



Review: of Wigner representation
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Interpretation of Wigner function

 

 



Interpretation of Wigner function

 

Wigner characteristic  
function



Review: Wigner representation

● This representation comes equipped with an inner-product: 

● Perfectly acceptable to do all of quantum mechanics here 
● Gaussian wavepacket states correspond to Gaussian Wigner 

functions
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Parameterizing Gaussian states
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Parameterizing Gaussian states
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Parameterizing Gaussian states
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Parameterizing Gaussian states

p

 
 

 

 

 

 

●  

 

 



Collisional decoherence

● Canonical example of decoherence 
process with overcomplete set of pointer 
states is collisional decoherence 
● An object decohered by repeated collisions 

with a fluid environment 
● The high-temperature/low-friction limit of free 

particle linearly coupled to heat bath 
environment of harmonic quantum systems 
(Caldeira-Leggett model) 

● The master equation for this process is

 



Collisional decoherence
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Unraveling of collisional decoherence
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Pointer basis of twisted states
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Unique pointer basis
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Unique pointer basis?
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Unique pointer basis?
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Unitary evolution

Coherent  
state POVM



Pointer basis and measurement time
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Orthogonal pointer bases and unitaries

● There is a simple version of this for orthogonal 
pointer bases 

● This has a clear pointer basis, although only defined 
up to unitary equivalence 

● It also has a clear “rate” of equivalent discrete 
measurements 
● Reliable and intuitive production of entropy

   
 

 

   

 

  

 

 

 

 

 
   

Kolmogorov-Sinai?



Collisional decoherence

● This is a very simple and intuitive description of a 
ubiquitous process 

● Unitary evolution punctuated by discrete POVM 
measurements suggests the quantum trajectories 
approach, jump operators 

● Still need to connect this to work of Busse & 
Hornberger 

● Also, still need to extend this to partial decoherence 
with respect to an overcomplete set of pointer states…



Help?
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Review: Husimi Q function
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Review: Husimi Q function
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Review: Husimi Q function

● The kernel is a Gaussian centered at the origin: 

● So the Husimi Q function is just the Wigner function 
smoothed with this Gaussian:

 

 
 

 

 
 

General Gaussian  
kernel



Review: Husimi Q function
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Review: Husimi Q function
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Convolve

Encodes  
coherence info

Always 
suppressed



The Husimi matrix
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The Husimi matrix
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Note semicolon

For symplectic structure; not that important



The Husimi matrix
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The Husimi matrix and sub-Ñ structure

● This makes manifest the 
fact that information 
about coherence between 
widely separated 
wavepackets is encoded 
in sub-Ñ structure 

● Grey high-frequency 
regions (sub-Ñ structure) 
are suppressed 

● Introduce Husimi matrix 
● Redundantly encodes this 

information to unsuppressed 
regions

 

 

 
 



The Husimi matrix and sub-Ñ structure

● Furthermore, the coherent state POVM dynamically 
suppresses off-diagonal terms in the Husimi Q matrix 
● Hence these terms are suppressed in the presence of collisional 

decoherence 
● Equivalent to suppressing high-frequency modes (sub-Ñ 

structure) 
● Consistent with Zurek’s work on sub-Ñ structure  

being generically destroyed by decoherence



Summary

● Proposed that overcomplete sets of pointer states ought to 
form 
● a unit-rank POVM or, equivalently,  
● a Parseval tight frame 

● Broke the CP map for collisional decoherence into a unitary 
part and a POVM in the basis of twisted coherent states 
● I claim this is significantly more compelling notion of “the” pointer 

basis 
● Basis defined only up to the action of the unitary 

● Gave new interpretation of Husimi matrix 
● Confirmed intuition that sub-Ñ structure is not feasibly accessible 

from POVM measurements in basis of coherent states



The End



Backup slides



#2: Test-mass SQL

● Suppose we need to measure a weak force F during a short 
time period T acting on a test mass M 
● E.g. gravitational waves, for which the time-averaged force is zero 

● Suppose further that we are restricted to position (or 
position-like) measurements 

● For sufficiently weak forces, the wavepacket is simply not 
displaced enough 

● Narrowing wavepacket does not help past a certain point:  
● Smaller initial width causes faster spreading during time interval

F



Detection through decoherence

● Initial state: 
● Final state: 
● Measurement:

(trivial evolution)

~100%

~0%

~50%

~50%

(zero momentum 
transfer)



Equivalent conditions for dephasing channel

● Fixes the preferred basis: 

● No transitions in preferred basis are induced: 

● Kraus operators diagonal in the preferred basis: 

● Expressible as conditional unitary on environment 

 

 

 

 

 



Hadamard channels

● Dephasing channel is Hadamard channel from 
preferred basis to itself

 

   

 



BAD of phase space representations
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Orthogonal pointer bases and unitaries

● There is a very simple version of this for orthogonal 
pointer bases

 
 

  

   

 

  

 

 

 

 

 
 

 



Review: P and Q function
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Review: P and Q function
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Review: Convolution relations

● Q, W, and P are related by convolutions: 

● By the convolution theorem, this means their Fourier 
transforms are just related by point-wise 
multiplication

 

 

 

 



Husimi Q function with coherent states

● In fact, the POVM measurement with respect to the 
coherent states induces a similar convolution, only 
doubled

 

 

 



Review: Convolution relations
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