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Pointer states

e Pointer states are a fundamental concept in
decoherence and quantum-classical transition

Hilbert space is a big place, and most states don’t have a
classical interpretation

Pointer states are the quantum states that are the “most
classical”

Type of states we expect to find “out there in the real world”



Pointer states (pure decoherence)

O

e Pointer states have undisputed definition in case of
pure decoherence with respect to an orthogonal basis:

H=8SQ®E H=Z|Sa><5al®‘u§
e Decoherence factors: = »‘

Conditional unitary
on environment

Fa,b — <Ea|Eb>

E — < Conditional states
ua | EQ ) | Ea ) of environment




Pure decoherence, partial versus full

O

*e Partial decoherence (F,;, = (E4|Ep) # 0)

P11 P21 P31 Pa1 P11 F21P21 F31P31 Fa1Pan
p = P21 P22 P32 Paz Sp= Fi201,2 P2,2 F32032 Fazpa2

P31 P23 P33 Pa3 Fizpi3 Fa3p23 P33 Fa3zpPas

Pa1 P24 P34 Pas Fiap1a FouapP24 F34P34 Pa,a

e Full decoherence (F, , = 6,5)

P11 P21 P31 Pai pi 0 0 0

| P21 P22 P32 P42 = 0 p22 O 0
P=|ps1 P23 P33 Pa3 P=1 o 0 p33 O
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Pointer states

e Less clear how (or even whether) they should be
defined when evolution doesn’t take this form

Predictability sieve
Minimizes entropy production

Hilbert-Schmidt “velocity”
Minimizes distance of evolving state from closest pure state

Others...
e There are important cases where the intuitive pointer
states form an overcomplete basis
Primary example: the coherent states



Pointer states

O

*e | want to find a natural and compelling definition for
the concept of pointer states in the overcomplete case

e Two other motivations for understanding
overcomplete pointer states
#1: Koopman-von Neumann mechanics and the 2 — 0 limit
#2: The standard quantum limit as arising from decoherence




#1: Koopman-von Neumann mechanics

*¢ Koopman-von Neumann mechanics is a formulation of
classical mechanics on a Hilbert space

e The Hilbert space for a single particle is “twice” as big, in
the sense that it is spanned by a complete set of position
and momentum vectors

H = span{|X) Q |P)} id: Y (x,p) = Ly (x, p)
~  OHclass(x,p) 0 OH(as5(x,p) O
L=—i + 1

op 0x 0x op

e Both classical phase-space variables come with a non-
commuting quantum conjugate variables 4, and 4,

[j'x;k\] =1 [ip»ﬁ] =1




#1: Koopman-von Neumann mechanics

*¢ One can show that
p(x,p) = [Y(x,p)|?
follows the classical
Louiville equation

e In short, the
“wavefunction” follows
its classical trajectory

But it has phase
information between
different points

No wavefunction
spreading

O
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KvN mechanics

Liouville mechanics

% Traditional stance: take
operational (Copenhagen)
interpretation of p(x, p)




#1: Koopman-von Neumann mechanics

e Speculation: A more complete formulation of the
quantum-classical limit might be possible by showing
that quantum mechanics appropriately approaches a
superselected sector of KvN classical mechanics

Twist: Rather than taking operational interpretation, take
Everettian interpretation

Use modern tools of decoherence theory to show that local KvN
states that are approached are automatically mixed, with no
phase-information between different phase-space points
e To do this, we need to understand the pointer states
of quantum systems in phase space well

Usually these are wavepackets, and they are overcomplete



#2: Test-mass SQL

O

e Suppose we want to measure a weak force acting on a test
mass

e Well known that there is a limit to sensitivity if we are
restricted to phase-space localized initial states and
position-like measurements

e Also well-kaon—dassical

states and measurements, i.e. coherent superpositions of
wavepacket pointer states

A A




#2: Decoherent test-mass SQL

e There is a highly
analogous (and non-
unitary) version of this
limit for detecting the
Brownian motion caused
by random collisions with
very light particles

(my baby)

this arises more generally

O

e My story:
Decoherence restricts the

feasible initial states of the
experiment to pointer states

Likewise, when environment
acts as intermediary,
observers can only learn
about the pointer states

e For the test-mass SQL, the
pointer states are
wavepackets

Overcomplete!




Review: quantum channels (CP maps)

e General CP map: Kraus operators
/ t
Dlpl = Tre [U(p ® [EgNEoDUY] = ) Kipk;

e Defined for all sets of Kraus operators that preserve

the trace:
z K'K; =1

o Kraus operators uniquely determine CP map up to
unitary equivalence:

XY



Pure decoherence = Dephasing channel

e The CP maps induced by pure decoherence are called
a dephasing channels

e Most CP maps are not dephasing
Form a proper subset

e Dephasing is always defined with respect to a certain
basis

This basis is unique except for degenerate cases (i.e.
decoherence-free subspaces)

e Several equivalent definitions...



Equivalent conditions for dephasing channel

e Fixes the preferred basis: e Unitary dilation is
expressible as conditional
PlISaXSall = 1SaXSal unitary on environment
e No transitions in preferred
basis are induced: U= z|5a><5a| ® U§
a
(S 1D[0]1S.) = (Salp]Sa) e Isa Hadamard channel
from preferred basis to
, , itself: ,
e Kraus operators diagonal in Matrix of decoherence
the preferred basis: / factors
Plp] =F *p

Hadamard/Schur product
(basis dependent)

Ki =) kalSaSal /



Overcomplete bases

O

*e¢ Now we would like to extend most these idea to

“overcomplete bases”

1Sa) = 1Sa)

(Sa |S,8> * 5a,ﬁ

e Primary example: the coherent states |S,) = |a) with

a = (x,p)

e In general, what sorts of overcomplete sets of states

should we allow?
e Key ideas:

Desire symmetry with POVMs (preparation vs. measurement)

Complete decoherence (no decoherence-free subspaces)




Overcomplete bases

e Full decoherence can be thought of as a repeated ideal
measurement

We will consider decoherence-free subspaces to be partial
decoherence (a partial measurement), but still with respect to a
complete basis
e A full measurement in an overcomplete basis is
naturally represented by a unit-rank POVM

In terms of extracted information, all POVMs with higher rank
elements can be obtained from a unit-rank POVM by throwing
away information

e This sets our allowed class of measurements, but

what about the preparation following measurement?



Frames

O

*¢ On the preparation side is the concept of a tight

frame

e A frame is a set of vectors |v,) such that every vector
|lw) in a Hilbert space can be expressed as an

expansion
lw) = z CalVa)

a

with coefficients given by c, = (7, |w) for some fixed
set of dual vectors |7, ).
e A (Parseval) tight frame is one for which |v,) = |7,).

N “Parseval” just refers to overall normalization




Frames

O

*e Equivalently, a Parseval tight frame is set |v,) for

which
[= ) [v)wa

e There is a 1-to-1 correspondence between unit-rank
POVMs and Parseval tight frames

Two ways of looking at the same thing;:

M, = |va><va| Aad |va>




Full decoherence and overcomplete pointer states

e So we require our overcomplete set of pointer states

to be

a unit-rank POVM or, equivalently,
a Parseval tight frame

e Our tentative definition of full, pure decoherence with
respect to an overcomplete set of pointer states is a
CP map of the form

®lp] = ) 15:}SalpISa)(Sal

. a : C
e This will only be particularly interesting if we can
generalize this to partial decoherence and Not today
connect this to known examples of overcomplete pointer states

W



Review: of Wigner representation

*e¢ Consider a Hilbert space H of a quantum state of a
single degree of freedom
parameterized by a real variable x
with conjugate real variable p

e The Wigner representation W, is an (essentially) 1-
to-1 mapping between operators A on H and
complex-valued functions on phase space with

coordinate a = (ay, a,) = (x,p):

. Ax Ax
Wa(e) = [ dax e 2%, + = |Alay = =)

e A certain subset corresponds to the density matrices
“Wigner functions”



Interpretation of Wigner function

O Ax

L pAx Ax
W, (x,p) = | dAx e'P2%(x + —|plx ——-)

P1,1 P21 -+ PN,




Interpretation of Wigner function

O Ax

I pAx Ax
W,(x,p) = [ dAx e (x+7|p|x——)

2
/
R ple, ') e R“%M
< "5/ N~ T > M(z, Az)
M - Wigner chaljacteristic VQ N
a(p, ! & T, / function T %
(p ) ( p ) \ ’S’ v \(&\
”i\ o W(Ap, Az) W(z,p)
N R , @ ® N Q
P, 0) e v‘@\ A
-}% ................... \(é\ X '? $
PropAp T > M(Ap,p)




Review: Wigner representation

O

e This representation comes equipped with an inner-product:

Tr|ATB| = [ da W, (a)* Wg(a)
o Perfectly acceptable to do all of quantum mechanics here

e Gaussian wavepacket states correspond to Gaussian Wigner
functions

(xlip) oc V¥4 D -,

! !

ax?+bp?+cx+dp+fxp p

Wipyp (@) < e




Parameterizing Gaussian states

O

*¢ Can parameterize the
coherent states with three
real numbers:

mean position a,
mean momentum a,,
spatial spread o,

e Momentum spread given by

the uncertainty principle:

Ap = h/20,

(x—ay) >
402

> —i(x—a,)a,—
oy (x|a) « e o




Parameterizing Gaussian states

O

*e¢ Under free particle

(x|a,t,) xe

evolution (H = p*/2m),
momentum spread is
preserved but position
spread increases:

hz
402 m?
(Phase-space area preserved)

Ax? = o2 + t2

(x ax)z
gZ—it,/2m)

—i(x—ay)ap— 2




Parameterizing Gaussian states

Y (x)

O

*e¢ Can parameterize all
Gaussian pure states with
a fourth parameter:
mean position a,,
mean momentum «,,
spatial spread o,
characteristic time ¢,

—> : —i(x—ay)ap— 2

e So-called twisted
coherent states

(x ax)z
gZ—it,/2m)

(x|a,t,) xe




Parameterizing Gaussian states

O

b . *¢ In presence of linear force
(V = —Fx), including free
W : particle (F = 0), center of
= wavepacket evolves
classically:

FT?
Ay = Ay + A T+—‘m

Utde, 3 =R P, t, + T)

Oy = Oy
t,=t,+T
epi G ax>2




Collisional decoherence

e Canonical example of decoherence
process with overcomplete set of pointer
states is collisional decoherence

An object decohered by repeated collisions
with a fluid environment

O ({
The high-temperature/low-friction limit of free O/ i b -0
particle linearly coupled to heat bath 09\\0

environment of harmonic quantum systems
(Caldeira-Leggett model)

e The master equation for this process is

4

d i D____
—p = Llpl = ———[p%,p] = [%,[%p]]



Collisional decoherence

O

*e¢ In m — oo limit (no wavefunction spreading), off-
diagonal terms in the position basis decay

exponentially: DA

d D
—(xlpla') = = (x| [2 [, p)]]¢) e

b )
depy ' = _i(x —X )sz,x' P a

>
X

> ' ‘ A >
—D(x—x' | 1_1
Pxyx'(t) = e D(x=x') t/sz,x’(o) e éé e ev X




Unraveling of collisional decoherence

O

*e For finite m, decoherence
competes with wavefunction
spreading to produce

p(t > 1)

- f da pt(a)laJ t.){x, t.]

characteristic timescale 7 = P A
Jm/Dh

e Diosi and Kiefer showed that < — :
any initial state, after being

decohered for several multiples
of 7, can be unraveled exactly as
a distribution over phase space
of identically-twisted coherent
states




Pointer basis of twisted states

*¢ However, this can be done for any choice of width o, and
twisting parameter t, (which determine the pointer states)

(The exact amount of time t > 7 one must wait before unraveling will
vary a bit depending on this choice.)

e By minimizing a “velocity” at which a pure state becomes

mixed, Diosi and Kiefer suggested the choices
T m

~ V2 ~2Dh

e The predictability sieve of Zurek, which minimizes (linear)
entropy production, produces a slightly different choice

diff
o, = (16Dm/V3R) ", _ [¥3m
* = (4D

o, = (8Dm/h)~1/4 t,




Unique pointer basis

O

*e¢ But we can identify a unique pointer basis by
requiring that dynamics are described by...
unitary free-particle evolution (H = p?/2m) followed by

full, pure decoherence with respect to the overcomplete basis

of pointer states |a, t,)
Ur = e—i(p?/2m)T

p(T) = @[UrpoUf] = f da |a, t.)(at, t.|UrpoUs |a, t. )@, t.|

Oy = (8\/§Dm/h)_1/4 L=5 T = \/2\/§m/D




Unique pointer basis?

O

e This evolution over time steps of length T is exact

e Using the fact that
Urla, t, = 0) = |[RMa,T)

we can re-express it in several ways

p(T) = |
[

= | da Urzla)(@l|Ur2poUs ol aialUs

= j da |[RT/Dq, T/2WRCT/Da, T /2|p

R (cx, ap)

= (a:x —a,T/m, ap)

[ da la, T /2, T/2|UrpoUt|a, T/2)a, T /2]

X |[RCT/D o, — T /2WRT/2q, T /2]




Unique pointer basis?

O

e This evolution over time steps of length T is exact
e Using the fact that

Urla,t. = 0) = |[RMa,T)

R(™M (ax, ap)

= (ax —a,T/m, ap)

we can re-express it in several ways

p(T) =

J

[

(

J

da |, T/2)a, T/2|UrpoUs|a, T/2)a, T /2]

— Unitary evolution
da Urjy|a){(a|Ur2p0 U;E/z a){a] UTJE/Z

\ Coherent

= | da |R(T/2)a, T/Z)(R(_T/Z)a, ~T/2|p state POVM

x |[RCT/2) o, — T/2RT/ D, T /2]




Pointer basis and measurement time

*¢ Continued time evolution is described exactly by
iterating this map
Unitary, POVM, unitary, POVM...

e Because the pointer states are constantly being
sandwiched between unitaries, with which they can
be commuted, they are really only sensibly defined
up to a particular unitary transformation

e Better yet: an equivalence class of choices for
measurement time ty € [0, 7] and
corresponding unitary Uy,



Orthogonal pointer bases and unitaries

e There is a simple version of this for orthogonal

pointer bases

4

Y/

|v)

V1)

~

|52 )¢Sz |

|v2)

e This has a clear pointer basis, althoug]
up to unitary equivalence

h only defined

e It also has a clear “rate” of equivalent discrete
measurements

Reliable and intuitive production of entropy

™~ Kolmogorov-Sinai?



Collisional decoherence

e This is a very simple and intuitive description of a
ubiquitous process

e Unitary evolution punctuated by discrete POVM
measurements suggests the quantum trajectories
approach, jump operators

e Still need to connect this to work of Busse &
Hornberger

e Also, still need to extend this to partial decoherence
with respect to an overcomplete set of pointer states...



Help?

O

* The natural definition for partial decoherence with an
overcomplete basis is

®[p] =X 5152) (Salp|Sp) (Spl - Fap
e However, this is only a trace-preserving CP map if
Y8 15a) (SalSp)(Spl - Fap =1

What is the interpretation of this restriction on F, g?

e In the case of coherent states, |S,) = |a), a sufficient (and
necessary?) condition is

Fop = f(a—Pp)

e This is equivalent to F, ; being a positive definite kernel
respecting the Abelian group structure of phase space
What’s the significance?




Review: Husimi Q function

*e¢ There is an additional phase-space representations
closely related to the Wigner function

e The Husimi Q function:
Qp(a) = (alp|a)

e Historically it has been developed in the context of
quantum optics, and has been defined with respect
to a preferred set of coherent states |a)

o, fixed, t, = 0



Review: Husimi Q function

*e Q and W are related by convolutions
Qp = Wioyo O W

where W, 1s the Wigner function for the coherent
state |0) at the origin

e By the convolution theorem, this means their Fourier
transforms are just related by point-wise
multiplication

A~

Qp = Wioyo| - W,



Review: Husimi Q function

e The kernel is a Gaussian centered at the origin:

2 /92452 9 2 2 2
W|o><0|(05) X e ax/20x—205ap — e~ a

o, =1

~ _ 2
W0y (§) c e™57/%

e So the Husimi Q function is just the Wigner function
smoothed with this Gaussian:

General Gaussian
kernel

Qp=91®I/Vp \

A ~ gs(a) o g5

Qp = Y1/4 M/p



Review: Husimi Q function

% In a sense, the Husimi Q function is “directly” accessible
to an experiment that can implement the POVM
measurement with respect to coherent states

Pr(a) = (alpla) = Q,(a)

e In principle, the entire state p is encoded in the Husimi Q
function, including information about coherence
between wavepackets widely separated in phase space

e But it is encoded in exponentially suppressed high-
frequency modes (i.e. “sub-# structure”)

0,(&) =W, (&) e 5/4

Formally the information is there, but it is inaccessible in the real
world, e.g. experimental reconstructions of p from Q,(a)



Review: Husimi Q function

O

o< e—(x+L/2)? —(x—L/2)?
Y(x) < e + e

_A A

Wioyo (@) < e ™%

P A | p A
»—>
W, (x, p) | Qp(x, D)
“~ /m
7
Iy
— 0 = —
1
X X
\\ ’/
x Encodes \ Always
coherence info suppressed




The Husimi matrix

*e Motivated by the intuition that realistically accessing
this information requires measurements that do not
“commute” with the coherent states, we consider the
Husimi matrix:

Q,(a,B) = {alplp)

e This object appears to be have investigated in the
literature only briefly by Harriman, and by Morrison
& Parr.

They noted the extra information was redundant, since Q, («)

completely determines p, but that it had some calculational
utility for electron wavefunctions in two-electron atoms



The Husimi matrix

O

*e However, we can find an alternate expression for the
Husimi matrix that is illuminating

e First, change coordinates:
(a,B) = (&, Aa) = ((a + B)/2,a — B)

Qp(a;Aa) = Qp(a@ + Aa/2,a — Aa/2)

\

Note semicolon

e Then define the Fourier transform with respect to a:

0, (& Aa) = f @ ¢! Qy(@ b

For symplectic structure; not that important




The Husimi matrix

*¢ One can then show
0,(& Aa) = 0, (8 + Aa/2)er@ré/4
=W, (¢ + Aa/2)e~G—2a/2)%/4

e When we look just on-diagonal, Aa = 0, we recover the
exponential suppression of the Fourier modes outside of
the region |¢| < A1 by the term e =5 /4

e However, as we move off-diagonal, Aa # 0, our Gaussian
“window” for viewing the Wigner function

1§ — Aa/2| S b1

can move around the entire range




The Husimi matrix and sub-N structure

e This makes manifest the 0, (¢; Aa)
fact that information P
about coherence between
widely separated
wavepackets is encoded
in sub-N structure

e Grey high-frequency
regions (sub-N structure)
are suppressed

e Introduce Husimi matrix Q,(¢)

Redundantly encodes this
information to unsuppressed
regions

Aa §
W v



The Husimi matrix and sub-N structure

e Furthermore, the coherent state POVM dynamically
suppresses off-diagonal terms in the Husimi Q matrix

Hence these terms are suppressed in the presence of collisional
decoherence

Equivalent to suppressing high-frequency modes (sub-N
structure)
 Consistent with Zurek’s work on sub-N structure
being generically destroyed by decoherence



Summary

e Proposed that overcomplete sets of pointer states ought to
form
a unit-rank POVM or, equivalently,
a Parseval tight frame

e Broke the CP map for collisional decoherence into a unitary
part and a POVM in the basis of twisted coherent states

I claim this is significantly more compelling notion of “the” pointer
basis

Basis defined only up to the action of the unitary
e Gave new interpretation of Husimi matrix

Confirmed intuition that sub-N structure is not feasibly accessible
from POVM measurements in basis of coherent states
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#2: Test-mass SQL

O

e Suppose we need to measure a weak force F during a short
time period T acting on a test mass M
E.g. gravitational waves, for which the time-averaged force is zero

e Suppose further that we are restricted to position (or
position-like) measurements

e For sufficiently weak forces, the wavepacket is simply not
displaced enough

e Narrowing wavepacket does not help past a certain point:
Smaller initial width causes faster spreading during time interval

T
M

T F
2M

ACISF:




Detection through decoherence

O
e Initial state: NIV IVEVH D)
e Final state:  |N7)| D)+ IR DY) Crisvmpmemisn)

transfer)
e Measurement: {|N.) = |N.) £ |Ng)}

M, ~506%
|Nz) |__/|
(D)D) ~ 0 > >t 509
|D£ﬁz>'4—| '




Equivalent conditions for dephasing channel

e Fixes the preferred basis:
DPLIS(Sall = 1Sa){Sal

e No transitions in preferred basis are induced:

(Sal®PlpllSa) = (SalplSa)

e Kraus operators diagonal in the preferred basis:

K; = z ka,i|5a><5a|

. _— a . o
o Expressible as conditional unitary on environment

U= 1Sa)Sal ® U



Hadamard channels

e Dephasing channel is Hadamard channel from
preferred basis to itself

®lp] = ) (EylEa)(SalpISa)ISa)Sy]
a,b

(@lpDap = (Fap(Planb (F)a,p=(Ep|Ea)

Plp] =F *p



BAD of phase space representations

*e¢ Three well known phase-space representations for a
quantum state of a single degree of freedom
parameterized by a real variable x, with conjugate
real variable p:

Wigner: W (a)
Glauber-Sudarshan: P(«a)
Husimi: Q(«a)
e These form a 1-to-1 mapping between operators on
the Hilbert space and (appropriately contrained)



Orthogonal pointer bases and unitaries

O

e There is a very simple version of this for orthogonal
pointer bases

Y V)
\ W v




Review: P and Q function

O

*¢ There are two alternative phase-space representations
closely related to the Wigner function (defined next slide)
The Glauber-Sudarshan P function, P, (a)
The Husimi Q function, Qp (q) Removere ferences to P function?

e Historically these have been developed in the context of
quantum optics, and have been defined with respect to a
preferred set of coherent states |a)

g, fixed, t, =0

e Relatively recently extended by Klauder and Skagerstam
toaset |S,) = D,|S,) for arbitrary vector |S,), where D, is
phase-space displacement operator

Necessarily a tight frame




Review: P and Q function

O

Qp (a) = (SalplSa)

*e () function:

Always well-defined
Always positive
Gives probability of outcome @ when measuring POVM {|S, (S, |}

e P function:
p = [ da B (@Isa)Sal

has ambiguity (although this can be removed by fiat)
need not be positive
need not exist




Review: Convolution relations

e Q, W, and P are related by convolutions:
QP = I/V|50)(50| © VVP

Wy = Wisoxsol © B

e By the convolution theorem, this means their Fourier
transforms are just related by point-wise
multiplication



Husimi Q function with coherent states

e In fact, the POVM measurement with respect to the
coherent states induces a similar convolution, only

doubled
b > ®p] = f dalayalplayal
Qp 2 Qo) =91 © 91 O Q) =9g1/2 O Q)

Vl/p_)WQD[p]:gl@glC)%:gl/Z@VVp



Review: Convolution relations

*¢ When the |S,) are Gaussian states, such as the coherent
states, the kernel W s, 1s a Gaussian centered at the

origin with the appropriate degree of “twist”
e When defined with respect to the coherent states, the Q

and P functions are just the smoothing and de-smoothing
with the Gaussian kernel

e The P function fails to be defined when the de-
convolution doesn’t exists

These are non-classical states, which can’t be expressed as a mixture
of Gaussians

e Note that only the P and Q functions depend on the
choice of |S,), or equivalently, on the kernel Wig ys. |

The Wigner function is defined independently



O

*¢ However, we can find an alternate expression for the
Husimi matrix that is illuminating

e This alternative forms
Shows how the redundant information is structured

e In principle, the off-diagonal part of the Husimi matrix
can be recovered from the diagonal part, but it is
encoded in exponentially suppressed high-frequency
modes

Formally the information is there, but it is inaccessible in the real
world [e.g. experimental reconstructions of p from Q, (a)]

e This also makes the




